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I

HE modeling of near-wall turbulence with the k—¢ model

usually has two major problems: An inclusion of a distance to
the wall as an explicit parameter and an improper boundary condition
for the dissipation rate . The first problem makes the model
inappropriate to simulate complex flows involving multiple surfaces.
The second problem, as pointed out by Speziale et al. [1], has resulted
in the use of a variety of derived boundary conditions that are
asymptotically inconsistent or numerically stiff (e.g., zero normal
derivatives of dissipation, links between dissipation, and derivatives
of the turbulent kinetic energy, etc.). There are various proposals for
the solution of both of these problems. On one hand, a number of
low-Re number k—¢ models have been proposed which use empirical
functions to account for near-wall turbulence without using the
explicit wall distance as a parameter. And on the other hand, a
dissipation equation ¢ is replaced with w(w ~ ¢/k), t(t = k/¢), and
v,(v, ~ k*/¢e) to simplify the employment of the wall boundary
conditions. This has resulted in models known as k—w (Wilcox [2]),
k—t (Spezialeetal. [1]), v,—k (Peng and Davidson [3]), etc. However,
an integration of governing equations up to the wall has never been
accepted for practical engineering applications, bearing in mind that
computational meshes usually do not satisfy a strict criteria for the
position of the cells next to the wall. This criteria is necessary so that
the low-Reynolds number models can successfully describe the
viscous sublayer and the buffer region. And although computing
power continues to increase allowing computational meshes to be
finer than ever, standard industrial applications will be done using the
wall function approach. The universal solution is to provide the wall
approach which combines the integration up to the wall with wall
functions. Recently the various proposals, e.g., the automatic wall
treatment (Esch and Menter [4]), compound wall treatment (Popovac
and Hanjalic [5]), etc., have provided an optimum solution for any
computational mesh.

The v’>—f of Durbin [6] has become increasingly popular as
empirical damping functions are removed due to the employment of
an additional velocity scale v* derived by using an elliptic relaxation
concept. However, the original model introduces the wall boundary
condition for the elliptic relaxation function f proportional to 1/y* (y
is a wall distance) making computations more sensitive on very near-
wall cells. Recently, two groups of authors, Hanjalic et al. [7] and
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Laurence et al. [8] made a similar, more robust formulation of the
v?>—f model. They proposed an eddy viscosity model which solves a
transport equation for the velocity scale ratio v?/k instead of v?.
Therefore, the efficiency of the elliptic relaxation concept of Durbin
[6] is kept which sensitizes v? to the inviscid wall blocking effect, but
the more robust wall boundary condition for the f equation is
introduced, this time f,,, is proportional to 1/y?. Furthermore, the
production of turbulence kinetic energy appears in the v /k equation
while a dissipation rate ¢ is in the v> equation which is much more
difficult to reproduce accurately in the near-wall layer. Hanjalic et al.
[7] made even further simplifications by modifying the model’s
constants to reduce the v?/ k equation to a source-sink diffusion form
(see original reference). From the numerical aspects, solving v?/k is
also more robust as the maximum of this variable can be fixed on the
physical limit equal to 2 [as k = 0.5* (u? + v* + w?)]. Itis also clear
and these authors stated that as well that the {—f or the v’>—f models
are still inferior to the Reynolds-stress model or even some nonlinear
k—e models and algebraic stress models for the calculations of
particular flows and flow regions (e.g., three-dimensional flows with
strong secondary motion, swirl or rotation, etc.), but much more
accurate than the near-wall k—e models or similar two-equation
models. At the same time, these models are more robust than any
Reynolds-stress models or even two-equations nonlinear k— models
or algebraic stress models. Furthermore, these models represent an
ideal choice when used in conjunction with the universal wall
approach as for example proposed by Popovac and Hanjalic [5]
related to their compound treatment of wall boundary conditions
which combines the integration up to the wall with wall functions.

The work presented here further simplifies the approach of
Popovac and Hanjalic [5]. This is done by introducing the eddy
viscosity transport equation instead of the dissipation rate equation
[see the work of Peng and Davidson [3] (PD) who derived a two-
equation v,—k model]. Here, the elliptic relaxation approach is
adopted for the k—v,—{—f model and consequently, the compound
wall treatment can be introduced very simply without modification
for different variables.

II.

The Hanjalic et al. [7] {—f model was used as a starting point for
the work presented here. In this model the eddy viscosity is defined as

Model Formulation

v, = C,Ckt (1
The time scale 7 is given as
1/2
7 = max [min (1j R L), C, (E) :| 2)
e’ /6C,S¢ &
where § = ,/S;;S;; and the mean-strain rate is
1 (oU; U,
S == Ly 3
o 2(8)6_, + 8xi) @)

The coefficients appearing in Egs. (1) and (2) take the values a = 0.6,
C,=0.22, and C, =6.0. The complete model is given by the

following equations:
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These equations are solved in conjunction with an equation for the
elliptic relaxation function f which is formulated by using the
pressure-strain model of Speziale et al. [9] (SSG) and given as

1 P 2 C P
evr-f=y(o+at)(-3) - (5-a) % o

where f goes to zero at the wall:

. —2uC
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and the length scale L is obtained from
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L = C; max (min (— , —) ,C, (—) ) ®)
e "\J/6C,S¢ &

Hanjalic et al. [7] neglected the last term in Eq. (7) due to small values
of (C,/3 — Cs) ~ 0.008. Note that Eq. (7) can be redefined by using
different pressure-strain rate models, e.g., the model of Launder et al.
[10], as it was done in the work of Laurence et al. [8], etc. Some other
proposals can be simply integrated in Egs. (6) and (7), e.g., so called
rescaled elliptic relaxation formulation of Manceu et al. [11] where
the relaxation function, Eq. (7), is rescaled with the isotropic
dissipation rate as well (see original reference). Furthermore, one
could make simplifications to satisfy zero wall boundary conditions
for fy.n as proposed by Lien and Kalitzin [12].

Hanjalic et al. [7] also decreased C, from the original SSG value
0.9 to 0.65 to take into account the discrepancy in the definition of &
in the log-law region. The {—f model is very robust and more
accurate than the simpler two-equation eddy viscosity models.
Nevertheless, the model is usable for a relatively coarse mesh next to
the wall, but again the cell next to the wall should reach a
nondimensional wall distance y* as a maximum less than 3. The
largest error is introduced when the first computational cell fails in
the buffer region, e.g., 5 < y* < 30. Some authors have combined
the integration up to the wall with wall functions, e.g., Esch and
Menter [4], Bredberg and Davidson [13]. These smoothing functions
which blend two formulations together are known as automatic wall
treatment, hybrid, or compound wall treatment, etc. Popovac and
Hanjalic [5] (see also Kader [14]) proposed the blending formula for
the quantities specified at the cell P next to the wall as

bp = e + e /T €

where v is the viscous and 7 the fully turbulent value of the variables
wall shear stress, production, and dissipation of the turbulence
kinetic energy. Popovac and Hanjalic [5] used different functions I'
for the wall shear stress and the production of turbulence kinetic
energy and " for the dissipation rate (see original reference), thus

_0.01(Py+)*
~ 1+5PYyT

~0.001y*

and I" —W (10)

where y™ is the normalized distance to the wall.

However, Basara [15] found that a better agreement with the
measurements is reached if Eq. (9) is used for the wall shear stress
and the production rate, but not for the dissipation rate which is
scaled as

a=P,/Pp 1)

where
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Fig. 1 Comparisons of various f, functions.
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and P, P, are the production of turbulent kinetic energy resulting
from the near wall and fully turbulent expressions for the turbulent
stress, 7, and t,, respectively. This gives

vk 3/4,3/2
ep=(1—0) v2P+aC“ r
Yp Kyp

13)

where yp denotes the normal distance from the near-wall cell P to the
wall. The preceding equations represent the status prior to this work.
The model formulated here starts from Eq. (1), thus

k2 C K C, . . .
v,:C“;—:;Jcﬂ—zgiv,:cﬁ;v,:fﬂvt (14)
e c, e c

where
fu=0Ci¢ (15)

and ¢, = 0.09, and therefore C;; = 2.444. Figure 1 shows very good
agreement of such a wall damping function compared to direct
numerical simulation (DNS) data for the channel flow at Re, = 395
based on friction velocity and channel half-width (Kim et al. [16])
and with some frequently used low-Reynolds number models. The
different low-Reynolds models are compared. For example, the Lam
and Bremhorst [17] model (LB) employs wall distance explicitly
while the Launder and Sharma [18] model (LS) employs second
order normal to wall derivatives of velocity in the dissipation
equation which may deteriorate the convergence rate, especially if
the fine grid is not used to resolve them. Goldberg et al. [19] (GAB)
offered a practical and robust model without wall normal distance but
results are not in good agreement with DNS data as obtained by using
Eq. (15). The equation for v, is derived from

k*De 20,Dk ¥} De
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and inserting Eqgs. (4) and (5) in Eq. (16) and replacing ¢ in terms of k
and 7, (see Peng and Davidson [3]) yields

i, 5, a5, a7, 5, 0, 9k
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And Eq. (4) gets the form
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represent a new k—v,—{—f model proposed here [note that e in 0 -8 1 |
Egs. (4) and (5) is replaced with 1 10 100 1000

where C;, = ¢, = 0.09]. An advantage of this model is the simple
boundary condition for the eddy viscosity, being zero on the wall and
in the far field. Furthermore, a so-called compound wall treatment is
simplified as Eq. (9) should be adopted for the wall boundary of the
momentum equation (wall turbulent eddy viscosity or wall shear

stress) as o5 S e
Ut =yteT +1 (o (EyT)e /T 22) G DNS |

‘ 20 |-w-—-a {—f(grid3) |

) k—v.~(~f (grid3) |

R 2 15} i

and now only for the production of turbulence kinetic energy as given 5 |

in Eq. (12).

The proposed model is very simple and although new, it has
already been well tested. It differs from the Peng and Davidson
model [3] in the damping function f, which is again used from the
well-tested modeling approach advanced by Durbin [6] and many
authors afterwards, e.g., Hanjalic et al. [7]. It should also be clear that
S 1s not limited with the maximum value equal 1; it varies in the
flowfield according to the variation of (. However, the main
difference will appear in the near-wall region due to the adopted
compound wall treatment and the damping function f,. Constants in
v, and k are used as derived by Peng and Davidson [3]: C;, = 0.4,
C;, =0.018,C,=0.09,C,; =1.2,C,, =1.17,C,3 =0,0,, = 1.2,
and o, = 1.2. The other constants in Eqs. (20) and (21) are used as
given in Hanjalic et al. [7]: ¢; = 0.40, C}, = 0.65, and o; = 1.2. The
model is completed by imposing the Kolmogorov time and length
scale as the lower bounds as

~ ~N\1/2
7= max(%, C, (%) ) (24)
m
D v3ID,\ 174
L = max ((,k—tl/z N C,] (?) ) (25)
I

where the constants are C; = 20 and C,, = 155.19. Note that original
values progosed by Hanjahc et al. [7] C, =6, C, = 85, are scaled
with 1/ c,i and 1/ c,L 4. respectively, due to

k2

H ﬁ’

E=c

III. Results and Discussions

The performance of the methodology described above is assessed
here in the following examples: a plane channel and a 180°
turnaround duct. Direct numerical simulation data of Kim et al. [16]
for the fully developed turbulent flow in a plane channel at Re, =
395 were used for comparisons. Three different computational grids

vt
Fig. 2 Computed mean velocity in a plane channel by using three
different computational grids. Symbols: DNS, Kim et al. [16].

1o} I _
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Fig. 3 Computed mean velocity in a plane channel with the {-f and
k—v,~¢—f in conjunction with compound wall treatment. Symbols: DNS,
Kim et al. [16].

4 L4 °njl [-R— o DNS data N

Fig. 4 Computed turbulence kinetic energy in a plane channel with the
k—v,~¢~f model. Symbols: DNS, Kim et al. [16].
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Fig. 5 Profiles at a selected location along the flow in a 180° turned U-bend at 180°: a) mean velocity, b) turbulence Kinetic energy.

a)
Fig. 6 Streamline patterns of the flow in a of 180° turned U-bend obtained by a) the k—¢ model and b) the k—v,—~{—f model.

were employed, each having twice as much in the normal to wall
direction: 10, 20, and 40 cells for half of the channel (uniformly
distributed cells). The log law considering velocity distribution for
each of the grids is well captured as shown in Fig. 2. Note that the aim
of this test case is to predict the log law by having relatively high y™*
values, e.g., above 3 (see the black filled boxes which marks the start
of each curve in Fig. 2), so that the compound wall treatment is used
for the interpolation in the buffer layer.

The difference between {—f and k—v,—{—f predictions is
negligible for the finest grid as shown in Fig. 3. The distribution of
turbulence kinetic energy is also well captured; see Fig. 4. This
shows that the model proposed here in conjunction with the
simplified compound wall treatment is fairly independent of the grid
distribution next to the wall.

The second example is based on the data of Monson et al. [20] in a
180° turnaround duct formed from a rectangular channel with an
aspect ratio of 10. The flow is two dimensional along the midplane
and the results obtained in this work are reported for the Reynolds
number of 10°. The results predicted with the k—& model are identical
to the predictions of Basara [21] who reported a grid independent
solution and are very similar to other model’s performances reported
elsewhere, e.g., Shur et al. [22]. Therefore, the grid of 22,000
computational cells used in this work is sufficiently fine not to
influence turbulence models testing (additionally two numerical
grids were used with 8736 and 17,472 cells as reported by Basara
et al. [23]). The second order convection scheme MINMOD was
used for all calculations presented here (Przulj and Basara [24]). The
challenge for the turbulence models is to predict the separation region
after the bend. Figures 5a and 5b compare the predicted and
measured axial mean-velocity and turbulence kinetic energy profiles
at 180°.

The k—v,~{—f model captures the velocity profile shape better than
the k—¢ model and the flow clearly separates as shown in Fig. 6 where
the predicted streamlines are compared. The level of turbulence
kinetic energy is underpredicted but similar results are obtained
even by using the full Reynolds-stress model as shown in the work of
Basara [21]. However, closer agreement is achieved with the
k—v,~¢{—f model. Note that the k—e model was also used in
conjunction with the compound wall treatment.

IV. Conclusions

The new k—v,—{—f model is proposed based on the solution of the
kand D, ~ k? /¢ equations and wall damping function f ,. Obtained by
solving the ¢ =1v?/k equation. Zero values as wall boundary
conditions can be used for all equations: k, v,, and {. The model is
implemented in conjunction with the simple wall blending approach
combining the integration up to the wall with the wall function.
Replacing the & equation with the ¥, equation removes all
arbitrariness about implementing the compound wall treatment. This
approach shows less sensitivity on the distribution of the
computational cells next to the wall. Future work will check if the
model can be further simplified by removing some of the diffusion
like terms in the ¥, equation (those with constants C,, C,,) and
modifying the remaining constants to compensate for the omission of
these terms.
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